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This paper proposes a topology optimization method for a dielectric optical cloak that provides results that are perfectly free from 
intermediate materials, based on a level set boundary expression and the Finite Element Method. The finite element mesh is re-
generated to fit the iso-surface of the level set function at every iterative step, to remove intermediate materials, so that the obtained 
optimal structure consists of only two materials, the dielectric material and air. First, the level set-based topology optimization is 
formulated and a topology optimization algorithm is proposed for the exact level set approach. Next, design requirements for the 
dielectric optimal cloak device are clarified and an objective functional for the design is formulated. The proposed method is then 
applied to a simple numerical problem to illustrate its effectiveness. 
Index Terms—Finite element method, level set method, optical cloak, optimum design, topology optimization 
 
I. INTRODUCTION 
PTICAL cloaks are able to make an object unobservable by 
wrapping it with a specific frequency range of 
electromagnetic waves. The configuration of an optical cloak 
can be given theoretically by using transformation optics [1] 
but the theoretical material properties are subject to 
continuous change and extremely high value. The required 
material properties make practical realization problematic. 
On the other hand, an optimum design method for dielectric 
optical cloaks has recently been proposed [2], using a density-
based topology optimization method in which the optimal 
structure is represented using a continuous density distribution 
that allows intermediate material, so-called grayscale areas. 
Although grayscale areas can be interpreted as being micro-
porous in this case, such optimal structures cannot be 
manufactured. 
To overcome the problem of grayscales, level set based-
topology optimization methods have been proposed [3] and 
extended to several design problems, such as thermal 
problems [4], motor design problem [5], magnet actuator 
design problem [6], and the design of electro-metamaterials 
[7]. In these methods, the structural boundaries are represented 
by the iso-surface of the level set function [8], and the level set 
function is updated based on a reaction-diffusion equation. 
The optimal configurations obtained by these methods are 
therefore smooth and clear. In addition, level set-based 
methods can easily incorporate consideration of various 
geometrical constraints so that appropriate results from a 
manufacturing standpoint can be obtained. 
This paper proposes a new topology optimization method 
for a dielectric optical cloak, based on the level set method 
and marching cube concept [9], which perfectly eliminates 
grayscales. The new aspect presented here is that the finite 
element mesh is regenerated to fit the iso-surface of the level 
set function, which represents the structural boundaries, at 
every iterative step, using the marching cube concept. 
Consequently, the obtained configuration is perfectly free 
from intermediate materials. In this paper, a level set-based 
topology optimization method that incorporates a fictitious 
interface energy model [3] is used to obtain smooth optimal 
structural boundaries. 
II. FORMULATIONS 
A Level set-based topology optimization 
The level set function is introduced to represent the 
boundaries between dielectric material and air that express the 
structural configuration. In this level set-based topology 







where  is a material domain and D is the fixed design 
domain. Here, upper and lower limits of the level set function 
are imposed since the regularization term derived from the 
phase field model concept [10] is defined using the magnitude 
of the gradient of the level set function. In addition, the 





The level set-based topology optimization problem is 





where F is an objective functional, f(x) is a distributed 
function representing the objective functional, and obj is a 
domain defined in the objective functional. Next, a fictitious 
interface energy is introduced to the objective functional to 
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where FR is the regularized objective functional and R is a 
regularization term representing the use of a regularization 





Next, the Karush-Kuhn-Tucker (KKT) condition of the 
topology optimization problem is derived as follows: 
 
 (6)  
A level set function satisfying this condition is a candidate 
optimal solution, but such solutions are extremely difficult to 
obtain directly. In the proposed method, a fictitious time t is 
introduced and a time-evolutionary equation for the level set 
function is derived. We assume that gradient of the level set 





where K is a positive coefficient of proportionality. Finally, 





We note that above equation is a type of reaction-diffusion 
equation and the derivative of the objective functional F’ is 
defined as at the topological derivative [4]. 
B Optimization algorithm 
The flowchart of the topology optimization is shown in 
Fig. 1. As shown, the level set function is first initialized. In 
the second step, the finite element mesh is generated based on 
the level set function and in the third step, the governing and 
adjoint equations are solved using the generated finite element 
mesh. Next, the sensitivity F' is computed and the level set 
function is updated based on Eq. 8. Here, if the objective 
functional is converged, the topology optimization process is 
finished; otherwise the procedure returns to the mesh 
generation process of the second step. 
 
We note that a novel aspect of the topology optimization 
algorithm is that the finite element mesh is regenerated every 
iteration, based on the marching cube concept [8], which 
perfectly eliminates intermediate materials. In the traditional 
marching cube method, the domain is divided into voxels, and 
the surface pattern of voxels is sorted into 14 different patterns, 
with each voxel identified based on the sign of the level set 
function at each voxel’s eight vertices. In this paper, the 
marching cube concept is extended to a two-dimensional 
rectangular domain case using triangular elements, as shown 
in Fig. 2 where (a) and (b) represent material and void 
elements, respectively. Note that there are four patterns when 
material differences are considered. A finite element mesh that 
fits the iso-surface of the level set function is generated, based 
on the four cases illustrated in Fig. 2. 
 
C Optimization problem 
We now consider the design of an optical cloak device, 
based on the model shown in Fig. 3. 
 
The circle at the center of the domain, PEC, represents an 
ideal metallic material that obeys a perfect electric conductor 
condition PEC. Here, incident waves Ei enter the scattering 
Fig.3. Design model of an optical cloak device 
Fig. 2. Generated mesh patterns: (a) case1, (b) case 2, (c) case 
3, (d) case 4 








where E0 is the amplitude of the incident wave, , k0 is 
the free space wave number, k is the normalized directional 
wave vector, and r is the position vector. The gray domain is 
the fixed design domain D in which a material configuration 
consisting of a dielectric material and air is distributed. The 
domain exterior to the fixed design domain is the scattering 
domain, out. 
The optical cloak device must cause the effect of the ideal 
metallic material to disappear. That is, the optical cloak device 
should be designed to minimize the scattering field in the 
scattering domain. Therefore, the topology optimization of the 












where Es is the scattering field, Es* is the complex conjugate 
of the scattering field, r is the relative permeability, and r is 
an extended relative permittivity defined using the 











 are relative permittivity of the dielectric 
material and air, respectively. 
III. NUMERICAL EXAMPLE 
A numerical example is shown to confirm the utility of the 
proposed topology optimization method. The isotropic 
dielectric material has relative permeability r
dir
=2.0 and the 
wave number is set so that k0=9.5. The domain size is set to 
250× 250. Note that the wave number and lengths are 
expressed using a dimensionless representation, in which the 
characteristic length is the mesh size of the fixed design 
domain. The number of degrees of freedom was 87,454, 
computational time was 2,128 sec for each iteration (using 12 
CPUs), and 546 iterations were performed. Figure 4 shows an 
initial design and the generated finite element mesh based on 
the initial level set function. The number of iteration is 546. 
As shown in this figure, we confirm that the dielectric material 
domain and the air domain are perfectly separate. 
 
Figure 5 shows an obtained configuration. As shown in the 
figure, the obtained optimal configuration is clear and smooth.  
 
Figure 6 shows the total and scattering electric field of the 
case for the initial design and the obtained configuration. As 
shown, the scattering from the ideal metallic material at the 
center is reduced. The values of the objective functional for 
the optimal configuration and the configuration when free of 
dielectric material were 64.21 and 2,279, respectively. This 
result demonstrates that the optimization successfully found an 
appropriate dielectric configuration for the cloak device. 
Fig. 5. Obtained design and finite element mesh 







This paper proposed a topology optimization method for a 
dielectric optical cloak based on an exact level set approach. 
We achieved the following: 
1. The design problem requirements were clarified and an 
optimization problem was formulated based on the level 
set method.  
2. To obtain a clear optimal configuration, an exact level set 
approach was constructed based on marching cube 
concepts. 
3. To obtain an optimal configuration with smooth 
boundaries, a fictitious interface energy model was 
applied to the design problem. 
4. We confirmed the utility of the proposed topology 
optimization method in a numerical example for a two-
dimensional optical cloak design problem. 
5. It should be possible to extend the presented method to 
three-dimensional problems by using the original 
marching cube method. 
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Fig. 6. Total and scattering electric field: (a) total electric field of 
the initial design, (b) total electric field of the obtained design, 
(c) scattering electric field of the initial design, (d) scattering 
electric field of the obtained design 
(a) (b) 
(c) (d) 
